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Turbulence Models for Near-Wall
and Low Reynolds Number Flows: A Review

Virendra C. Patel, Wolfgang Rodi, and Georg Scheuerer
University of Karlsruhe, Karlsruhe, Federal Republic of Germany

I. Introduction

T HE success enjoyed by the recent turbulence closure
models in the prediction of wall-bounded shear flows

has depended, to a large extent, upon the application of the
so-called wall functions that relate surface boundary condi-
tions to points in the fluid away from the boundaries and
thereby avoid the problem of modeling the direct influence
of viscosity. The validity of this procedure is, of course,
restricted to situations in which the Reynolds number is suf-
ficiently high for the viscous effects to be unimportant or
where universal wall functions are well established. There are
a number of instances in which this approach has to be
abandoned, e.g., turbulent boundary layers at low and tran-
sitional Reynolds numbers, unsteady and separated flows,
and the flow over spinning surfaces or surfaces with mass or
heat transfer. Also, traditional wall functions are probably
inappropriate for complex three-dimensional flows.

Over the past few years, many suggestions have been made
for the extension of turbulence closure models to enable their
use at low Reynolds numbers and to describe the flow close
to a solid wall. The simplest example of a near-wall
modification to a turbulence model is the van Driest1 damp-
ing function for the mixing length. More advanced models
incorporate either a wall damping effect or a direct effect of
molecular viscosity, or both, on the empirical constants and
functions in the turbulence-transport equations devised
originally for high Reynolds number, fully turbulent flows
remote from the walls. In the absence of reliable turbulence
data in the immediate vicinity of a wall or at low Reynolds

numbers, these modifications have been based largely upon
numerical experiments and comparisons between calculations
and experiments in terms of global parameters. Unfortunately,
the results of each of the models were compared for dif-
ferent flows and it is not clear which of the many proposed
models can be used with confidence.

This paper is concerned with a systematic evaluation of ex-
isting two-equation, "low Reynolds number" turbulence
models. The limited but direct experimental evidence on the
turbulence in the wall region is first reviewed. Eight different
models are then summarized and the various assumptions
and functions introduced to account for the low Reynolds
number and wall-proximity effects are discussed. These
models are then used, together with a single well-tested solu-
tion procedure, to calculate a variety of boundary layers.
The test cases include not only boundary layers at low
Reynolds numbers, but also the high Reynolds number and
equilibrium boundary layers in adverse pressure gradients.
The latter have been included specifically to ascertain that
the extended models continue to perform at least as well as
the parent models that were devised for such flows.

II. Experimental Evidence
Experimental information pertaining to near-wall and low

Reynolds number turbulence is rather limited and the data
suffer from uncertainties arising from probe interference ef-
fects and the determination of the wall shear stress that pro-
vides the characteristic velocity and length scales. However,
since all low Reynolds number models attempt to reproduce
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some of the observed features of near-wall turbulence, it is
useful to review the data, to the extent these are available. It
should be noted that most of the available data have been
obtained in flat-plate boundary layers or fully developed
pipe flows and therefore we can supplement the data by
some of the well-established correlations in these flows to
guide the discussion.

Turbulent Kinetic Energy
Coles2 has compiled the existing near-wall data-for the

normal stresses u2, v2, and w2 that make up the turbulent
kinetic energy k,

(1)
To these may be added the more recent measurements of El
Telbany and Reynolds.3 Figure la shows the resulting varia-
tion of k+ ( = k/u2) with y+ ( = uTy/v), where ur = \lr^/p
is the friction velocity, y the normal distance fron/the wall,
and p and v the density and viscosity of the fluid, respec-
tively. In spite of the rather large scatter, it is seen that k+

becomes maximum around y+=15, which corresponds to
the location of the maximum production of k (see Ref. 9). A
representative peak value for k+ is 4.5. In the interval
60<y + < 150, k+ becomes almost constant and takes a value
around 3.3. Since, in the log law_ region of a flat-plate
boundary layer, the shear stress -uv<xu2, the data suggest a
value of around 0.3 for the structural coefficient -uv/k, as
found also in other shear layers.4

The variation of k in the immediate vicinity of the wall
can be deduced from the continuity equation and the no-slip
condition. Following Launder,5 the variation of the instan-
taneous velocity components with distance from the wall
take the form

(2a)

(2b)

(2c)w = a3y + b3y2

where the coefficients ai and bt are functions of time, but
their time average is zero. Equations (2) lead to

where

• =A+y+2+B + y

V2V2 -^ ——

(3a)

(3b)

(3c)

The data of Kreplin and Eckelmann6 support Eqs. (2) and
suggest a value of 0.035 for A +. Sirkar and Hanratty7 give
0.05 at a higher Reynolds number, while the data compila-
tion of Derksen and Azad8 suggests 0.025<M+ <0.05, with
the higher values occurring at larger Reynolds numbers.

The first term in Eq. (3a) with A+ =0.05 is shown in Fig.
la. The mean line through the data shown in the figure is
used later for direct comparison with the calculations.

Shear Stress
Figure Ib shows the distribution of the shear stress - lw +

(= -uv/u2) in the near-wall region according to the data
collected by Coles.2 In addition, the data of Schubauer10 are
plotted. Note that the Reynolds stress accounts for approx-
imately 50% of the total stress at y+ «10. In the log law
region of turbulent flows with small pressure gradients, the
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Fig. 1 Near-wall variation of the turbulence quantities: a) tur-
bulent kinetic energy &; b) Reynolds stress -«v; c) dissipation rate

momentum equation yields

(4)

where K is the von Karman constant. Very close to the wall,
however, Eqs. (2) suggest

— uv+ oc y+3
(5)

The solid line in Fig. Ib has been drawn with these asymp-
totes and is seen to be in good agreement with the data.

Dissipation Rate
The dissipation rate used in the k-e model is defined as

dx (6)

which, as Hinze4 points out, is the dissipation rate only in
the case of homogeneous turbulence. However, most authors
do not make this distinction. For the present purposes, Eq.
(6) is adopted since it is consistent with the models of the
turbulent kinetic energy equation introduced later.
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The available data for the distribution of the dissipation
rate in the near-wall region are quite limited and are all sub-
ject to a large measurement uncertainty, especially in the
region Q<y + <40. Figure Ic shows the data collected by
Coles along with those of Laufer.11

The distribution of e can also bejnferred from considera-
tions similar to those for k and — uv. In the log law region
40<^+ < 100, say, production of k is roughly equal to the
dissipation. Since production is

Pk = - uv
— dU

the velocity gradient from the logarithmic law,

U+ = (l/K)hy+ +C

and -uv~u2 lead to

(7)

(8)

Very close to the wall, substitution of Eqs. (2) into Eq. (6)
yields5

e + =2(A+ +2B+y+ (10)

indicating a finite e at the wall equal to 2A +. Experimental
values of A+ quoted earlier then indicate 0.05<ew<0.10,
with a preference for the higher value at larger Reynolds
numbers. If B+ =0 is assumed, Eq. (10) indicates

=0 : - = 0 (11)

which can be used as a boundary condition for e.
The solid line in Fig. Ic has been drawn as a mean curve

through the data, taking into consideration the limiting
behavior noted above.

Velocity Gradient
The velocity gradient in the wall region may be calculated

with the aid of van DriestV mixing length formula, which,
together with the assumption of constant total stress, yields

dU+

dy + (12)

where D* = \-exp(-y+/A*) and,4* = 25.6 gives C=5.2 in
the log law.8 Using the velocity gradient from Eq. (12), the
Reynolds stress from Fig. Ib and therefore Pk from Eq. (7),
and the data of Laufer for e, the ratio Pk/e can be deter-
mined. This is also shown in Fig. Ic. Note that the assump-
tion of local equilibrium in the log law region, i.e., Pk/e=l,
is then recovered.

III. Outline of Near-Wall Models
Eight models, namely, those of Chien,12 Dutoya and

Michard,13 Hassid and Poreh,14 Hoffmann,15 Lam and
Bremhorst,16 Launder and Sharma,17 Reynolds,18 and
Wilcox and Rubesin19 were selected for a detailed evalua-
tion. The first seven are variants of the k-e model, in which
the Reynolds stress is related to the local velocity gradient by
an eddy viscosity vt9 which is computed from modeled
transport equations for k and e. Wilcox and Rubesin19

employ an equation for the kinetic energy of the normal
velocity fluctuations, together with a transport equation for
a pseudovorticity co. The relevant equations of the models

for two-dimensional boundary layers are:

— dU
"t~^—dy

k-e model:

(13)

(14)

(15)

'-e (16)

ae / dy
2

= k2/ve

y+ =yur/v

model:

(17)

(18)

(19)

(20)

(21)

dx dy
dU

ok

(22)

M d*2_ d I-/ „, \8«n
17+F~aT~^LV + oj 3y\

(23)

(24)

(25)

Table 1 summarizes the low Reynolds number functions
for the k-e. group of models. The first line in the table is the
parent high Reynolds number model (HR) and contains also
the five basic constants. Table 2 summarizes the model of
Wilcox and Rubesin. In these.equations, x is in the stream-
wise direction, \y is normal to the wall? and U, V are the cor-
responding mean velocity components. In the interest of
brevity, the various models will henceforth be referred to by
the letter codes indicated in Tables 1 and 2 (e.g., Chien is
CH, etc.).

The models in the k-e group differ from their basic version
by the inclusion of the viscous diffusion terms and of func-
tions/to modify the constants c. Also, extra terms, denoted
by D and E, are added in some cases to better represent the
near-wall behavior. The similarity between these models and
that of Wilcox and Rubesin (WR) is apparent from Tables 1
and 2. The different proposals are examined below in light
of the physical and experimental evidence summarized in the
previous section.
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Table 1 Constants and functions for the k-e group of models

Model Code D ew-B.C.

Standard HR ° XSions

Launder- Lg 2v(—— ) 0
Sharma \ dy /

Hassid- ^rp 2 ^ 0
Poreh v y2

Hoffman HO —— —— 0y dy

Dutoya- r.,/r ~ f d\k\2

Michard DM 2p\dy)

k
Chien CH 2v —— 0

82k
Reynolds RE 0 v —— j-

Lam- T p n d k
Bremhorst Qy2

Lam- 3e n
Bremhorst $y

CM Cel Ct2 °k °e

0.09 1.44 1.92 1.0 1.3

0.09 1.44 1.92 1.0 1.3

0.09 1.45 2.0 1.0 1.3

0.09 1.81 2.0 2.0 3.0

0.09 1.35 2.0 0.9 0.95

0.09 1.35 1.8 1.0 1.3

0.084 1.0 1.83 1.69 1.3

0.09 1.44 1.92 1.0 1.3

0.09 1.44 1.92 1.0 1.3

Code /M /; /2 E

HR 1.0 1.0

r ~3-4 iLS exp ——————— F 1.0

HP l-exp(-0.0015#r) 1.0

/ -1.75 \
HO expl —————— ) 1.0

\l+RT/50/

CH l-exp(-0.0115^ + ) 1.0

RE l-exp(- 0.0198^) 1.0

LB [ 1 - exp( - 0.0165^)] 2 1 + (0.05/f^)5

/ 20.5 \
V 1 1 1 1

\ RT /

LB1 [ 1 -exp(- 0.0165/Jj,) ]2 1 + (0.05//M)5

/ 20.5\
X ( 1 + ——— )

V RT )

a c-cinEqs. (19) and (23).

Table 2 Constants and functions
for the model of Wilcox and Rubesin (WR)19

C/i 0.09 a, 2.0

cw7 1.11 /M l-0.992exp(-/?r)

cw2 0.15 /7 l-0.992exp(-JRr/2)

2 / dl \2
re. O H J7 1 1 ,.,-5

1.0 0
2 -> / 82U\2

l-OJexpC-flfr) -2v( — -}

l-OJexpC-flfr) 0

1 - 0.3exp |̂ - (-~L) J ~ce2f2 (eD/k) a

/ x y

l-0.22exp[- (RT/6)2} -2^(e/y)exp(-0.5j+)

[1 -0.3exp[ — (RT/3)2] }h(Ry) 0

1 - exp( - R2
T) 0

l-Qxp(-R2
T) 0

Table 3 Near-wall values of the term D

D Resulting near-wall value of e +

2p(k/y2) (2A+ +2B + y + )
v dk + + +

y dy

'Jui 1 / ' 9 y 1 " ' " l / l R ^ " v " ' " ^
dy
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The k-e Group of Models
Consider the seven modifications to the k-e model listed in

Table 1. We note that only RE and LB employ a transport
equation for the dissipation rate e itself, while the remaining
models solve for a quantity e = e—D. The implications of
this will be discussed first.

The Dissipation Variable
The proposal of using e as the "dissipation variable" is

due to Jones and Launder,20 who cited decisive computa-
tional advantages because D is chosen such that e = 0 at the
wall, a numerically convenient boundary condition. Not all
authors employ the same term D, however; three different
proposals appear in Table 1. If e = 0 is specified as a wall
boundary condition (see column 4 of Table 1), the term D
must asymptote to the nonzero value of e at the wall,
discussed earlier, in order to keep the k equation in balance.
This can be verified by substituting Eq. (3) into the different
proposals for D. Table 3 shows the corresponding results. It
is seen that all proposals yield the correct wall value of e,
namely 2A + in Eq. (10), but only the formulas by LS and
DM give the proper coefficient for the linear term as well.
However, in the immediate vicinity of the wall, the Reynolds
stress (for the determination of which e is needed) is small in
comparsion with the viscous stress and therefore the dif-
ferences are of little consequence. More important is the
criterion that in the fully turbulent regime, say, y+ >60, e
should be equal to the dissipation rate e used in the basic k-e
model. This means that D must vanish in this zone. If values
of k, dk/dy, and e at y+ =60 are taken from the curves in
Fig. 1, it is found that D/e is 0.055 for the models of HP
and CH, while it is almost negligible in the other cases. Also,
the D term of HO becomes negative beyond the peak in k, so
that e is different from e, although by numerically small
amounts.

As noted above, Jones and Launder selected e as the
dissipation variable for numerical convenience. However, e
varies very rapidly near the wall. If, for example, the
distributions of k and e in the region 0<^ + <10in Fig. 1 are
approximated by straight lines, we have de/dy = Q.Q2u2/i>2

and dk/dy = OAu3
T/v so that the ratio (de/dy)/(dk/dy)

= Q.Q5u2/v is of the order of 103 for air. Thus, compared to
the kinetic energy k (or the velocity U), e increases at a much
faster rate with wall distance. It is difficult to numerically
resolve this rapid growth with sufficient accuracy and the
solutions may not be grid independent near the wall. These
problems are alleviated to some extent by using a transport
equation for the dissipation rate e since the gradients of e are
much smaller. Also, for a physical point of view, it is more
attractive to use an equation for the dissipation rate itself.
This approach has been followed by LB and RE.

The associated problem of specifying a wall boundary con-
dition for e has been resolved by LB and RE by using the k
equation at the wall, i.e., ew = vd2k/dy2. Although this has

Table 4 Asymptotic spreading rates of turbulent mixing layers

dd/dx Model d<5/dx Model dd/dx Model

0.16
0.15
0.15

Exp.
HR
LS

0.17
0.05
0.20

HP
HO
DM

0.15
0.28
0.15

CH
RE
LB

Table 5 Limiting values for the function /M

Model =0.95) Model

LS
HP
HO
DM

78.4
438.
363.5
222.1

CH
RE
LB

260.5
82.9

102.4

been used in numerical solution procedures, it is not very
convenient since it involves parts of the solution of the
system of coupled differential equations. A more convenient
boundary condition for e is that its gradient vanishes at the
wall as indicated by Eq. (11). The wall value ew is then a
result of the calculation. Hanjalic and Launder21 have used
this boundary condition in calculations with a Reynolds-
stress-equation model. It has been used in this study in con-
nection with the model of LB (denoted by LB1 in Table 1).

Model Constants
Columns 5-9 in Table 1 contain the five empirical con-

stants c^, ce7, ce2, ak, and ae used in the different models.
For high-turbulence Reynolds numbers RT or Ry, the func-
tions /M, f1, and /2 multiplying the first three constants tend
to unity; therefore, the model behavior depends only on the
values of the five constants. The first line in Table 1 shows
the constants for the standard model.22 They have been
tested in a variety of free shear layers and, together with wall
functions, for boundary layers and confined flows.

Table 1 shows little diversity in the constants c^ and ce2
determined from experimental data in near-wall and
isotropic turbulence, respectively. Larger differences are ap-
parent in the values of ce7, ak9 and ae, which are usually ob-
tained by computer optimization. Not all sets of constants
satisfy the relation

c£ /=ce2-(jc2/aec^) (26)

to which the e equation reduces in zero pressure gradient
local-equilibrium flows with a logarithmic velocity distribu-
tion. The constants of HP and RE imply values of 0.463 and
0.570 for the von Karman constant K, well above the ac-
cepted value of 0.41 ±0.015. The differences in the constants
may be quite significant insofar as they contribute to the
overall performance of the models.

Extensive calculations of free shear layers by Launder et
al.23 indicate that, at least for these flows, the results are in-
deed very sensitive to the precise values of ce] and ce2. This
was confirmed in the present work, where the high Reynolds
number asymptotes (/M —fl =f2 = 1; D = E = 0) were utilized
to calculate the asymptotic spreading rate of a plane mixing
layer. Table 4 compares the results with the mean experimen-
tal value suggested by Rodi.24 It is clear that the models of
HO, DM, and RE do not possess the degree of generality
usually associated with a two-equation turbulence model and
can, at best, be regarded as specifically tailored near-wall
models.

The Function f
Function / multiplies the eddy viscosity relation14 and is

introduced to mimic the direct effect of molecular viscosity
on the shear stress. Launder25 notes that the shear stress near
the wall is also reduced by the action of the fluctuating
pressure field via the pressure strain correlation. This process

10 20 30 40 50 60 70 80 90 100

Fig. 2 Variation of the function / with wall distance.
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is, to a first approximation, independent of viscosity and,
therefore, cannot be correlated by the Reynolds numbers RT,
Ry, or y+ . However, it is difficult to separate the two effects
as both occur in the vicinity of a wall. The/^ functions thus
attempt to model both the viscous and pressure strain ef-
fects, although they are properly correlated only for the
former.

The various proposals for /^ can be examined according to
three criteria: 1) comparison with a distribution constructed
from the experimental data; 2) their influence in the
logarithmic_region, and 3) the implied near-wall distribu-
tions of -uv. The last is perhaps the least critical, as the
turbulent stress is small compared to the viscous stress in the
immediate vicinity of the wall.

From Eqs. (13) and (14), we obtain

Prior to an assessment of the third criterion dealing with
the near-wall distribution of the Reynolds stress, the e equa-
tion at the wall has to be inspected. It reads

(27)

The "experimental" curve for /M, which results when the
data of Fig. 1 are substituted in this equation, is shown in
Fig. 2. It exhibits an almost constant value for y+ < 15, an
approximately linear increase up to y+ = 60 and a gradual
approach toward unity. If the Reynolds numbers
RT = (k+)2/e+ and Ry=-Jk+y+ are calculated from the data
of Fig. 1, the various proposals for f^ can be compared with
the "experimental" curve, as is shown in Fig. 2. It is clear
that none of the model functions follows the distribution
suggested by the data over the whole range of y+. The func-
tion selected by LB is a good approximation in the viscous
zone (y+ <40); the formulas of LS and RE yield relatively
high values there, but show better agreement with the "ex-
perimental" curve in the fully turbulent regime (y+ >40).
The functions of HP, DM, and CH increase too slowly with
wall distance to match the empirical distribution. The dif-
ferences in Fig. 2 may be explained by the fact that /^ has
been determined by computer optimization in all cases rather
than by recourse to experimental data.

The second criterion for /^ relates to the behavior in the
fully turbulent logarithmic layer where /M must tend to unity
if the parent high Reynolds number model is to be
recovered. Experimental data suggest that the viscous effects
become negligible for y+ >60, whereas Fig. 2 shows that the
various functions reach an asymptotic value of 1 well beyond
y+ = 60. In the fully turbulent zone, the data indicate that
RT and Ry follow approximately

R=1.83y + (28)

If these relations are inserted into the proposed/M formulas,
the values of y+ at which/^ = 0.95 are as shown in Table 5.
It is apparent that in the models of HP, HO, DM, and CH
a wall damping effect prevails out to unrealistically large
wall distances. It should be noted that the wall functions
used in connection with the standard model (with f^ = l) are
usually applied in a region 30<^+ <200.

Model

Table 6 Exponents of the near-wall variation
______of the turbulence quantities___________

LS HP HO DM CH RE LB

e

k2/e

/M

L = k3/2/e

— uv

1

3

0

2

3

2

2

2

1

4

1

3

0

2

3

2

2

0

1

4

2

2

1

1

3

0

4

2

3

6

0

4

0

3

4

J*!l
ay2 (29)

If e = ay + by2 + cy3 is substituted in Eq. (29), the linear term
has to be dropped in some models to satisfy it. This feature
depends on the form of the extra term E. With k<xy2 and a
series expansion of/M, it is possible to calculate the exponent
n in -uv<xyn. These exponents are compiled in Table 6. For
models using an equation for e itself, e = ew + by2 + cy3 is
valid and, in the absence of extra terms E, f2<xy2 is
necessary to render the e equation consistent at the wall. Not
all models yield AT = 3 as demanded by Eq. (5). (A value of
n = 4 would be demanded if the correlation coefficient be-
tween u and v approaches zero at the wall; unfortunately,
the available data on this correlation coefficient at the wall
are insufficient to discern between ft = 3 and 4.) HP, DM,
and LB give n = 4, which agrees with the successful mixing
length formula of van Driest,1 while the value 77 = 6 in RE is
unrealistically high.

The Function f2

Function /2 is introduced primarily to incorporate low
Reynolds number effects in the destruction term of the e
equation. The physical basis for this is provided by ex-
periments in the final period of the decay of isotropic tur-
bulence, which show that the exponent in the decay law
k<xx~n changes from 1.25 at high Reynolds numbers to 2.5
in the final stage. The latter number is exactly met by the
models of HP, HO, DM, and CH, whereas the versions of
LS and RE imply a slower decay. The most elaborate fit to
the data of Batchelor and Townsend26 is achieved by CH's
function, which originates from the work of Hanjalic and
Launder.21 The fact that all formulas reach their asymptotic
value of unity at Reynolds numbers RT smaller than 15 leads
to the conclusion that their effect is limited to the viscous
sublayer and that nuances in the shapes of /2 will not exert a
large influence on the overall results. As mentioned above,
consistency of the models of RE and LB with the e equation
require/2<xj2 in the vicinity of the wall. Although the zero
value of f2 at the wall is attained in the case of LB by simply
omitting the factor 0.3 in the function of LS, none of these
proposals satisfies /2<xy2. Moreover LB's model excludes the
prediction of the final stage of isotropic turbulence. In this
regard, RE's function is more general and preferable (unfor-
tunately RE did not specify an empirical constant in the /2
function and therefore the model could not be used in the
subsequent calculations).

Table 1 shows that DM introduce a direct effect of the
wall proximity on /2 that reduces the destruction term and
thereby increases the absolute value of e. They employ the
Taylor microscale as a scaling parameter, which is approx-
imated by A = VlO*>/:/e. The term 0.08 (\/y)2 appearing in
the model is of the order of 0.4 in the viscous sublayer.
Therefore, f2 is positive, although the formula does not ex-
clude negative values.

The Function fi and the Extra Term E
Several models employ an additional empirical term E

and/or function fl in the e equation. In the models of HP,
CH, and DM, E is introduced to yield a quadratic growth of
e with wall distance. The expression for E in the model of LS
vanishes in the viscous sublayer and decreases with y4 in the
logarithmic region. Consequently, the maximum is located in
the buffer layer. The term is then likely to increase the
dissipation rate in this region, which results in a lower peak
of k. A similar effect is achieved by the fl functions of DM
and LB. Both increase the magnitude of e near the wall.
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The Model of Wilcox and Rubesin (WR)
The basic equations of this model are Eqs. (21-25) and the

modifications are cited in Table 2. WR employ an equation
which is very similar to the k equation (16) for determining
the velocity scale in the eddy viscosity relation [Eq. (21)].
However, they interpret k as a mixing energy more akin_tp
the normal component of the Reynolds stress, viz &«9/2 v2.
Since a direct relationship with the turbulent kinetic energy is
now absent, it is difficult to make comparisons with conven-
tional turbulence measurements. The same is true for the
length scale determining variable GO, which is proportional to
the ratio of dissipation to turbulent kinetic energy, according
to

«=— 4- (30)

The Length Scale Variable co
Attention is first drawn to the near-wall behavior and the

boundary conditions. In the k-e model, the latter are fixed
by the known behavior of the physical quantities. In the WR
model, this is not feasible and greater freedom is exercised in
setting these values. In fact, the boundary value of co at the
wall is made a function of parameters such as roughness and
blowing rates. For smooth, impermeable walls, WR specify

20
+ 2 (3D

which implies an infinite value at a rigid boundary. This
leaves considerable freedom in numerical calculations since a
"large" value can be assigned. However, it became apparent
in the present work that the computed results depended on
the actual value specified. Since WR do not recommend any
particular value, the calculations presented later were made
with y+ =0.2 in Eq. (31); smaller y+ did not yield satisfac-
tory results. This uncertainty in setting the boundary condi-
tions must be considered a shortcoming of the model.
Writing the k equation (22) at the wall

82k (32)

and introducing the limiting equation (31) for co, it follows
that k<xy4 is implied near the ^wall. This behavior shows the
close resemblance of k with v2 [see Eq. (2b)]. From Eq.
(30), it follows that e is zero at the wall in this model, which
is not in agreement with the behavior of the physical dissipa-
tion rate. Moreover, Eq. (24) yields a finite value of the
length scale at the wall.

Inspection of the co2 equation shows that, at the wall, the
diffusion and destruction terms balance, but both go to in-
finity as y~6. Thus, differences of very large numbers are in-
volved in the or2 equation presenting some numerical
problems.

With regard to the freestream boundary conditions, some
algebra shows that both turbulence model equations are sat-
isfied in the limit of large y by k<xx~m with m=-2c^
-5-cw2 = 1.2. The boundary conditions specified by WR do
not follow this relation and are therefore inconsistent with
the differential equations.

The Function /M

A direct comparison with experimental values is not mean-
ingful in this case. However, it is interesting to examine the
implications of/M in the logarithmic region and very close to
the wall. If RT=y+, which is valid under local equilibrium
conditions, is applied at y+ =30 (approximately the lower
limit of its applicability), the value of/M is very close to un-
ity. This means that the damping effect of/M is restricted to

the viscous sublayer and the buffer region. Also, if the near-
wall distributions of k and o> discussed above are combined,
the near-wall behavior of the various quantities is as shown
in Table 7. It is seen that this model yields -uv&y6, a fairly
high exponent compared with the experimental value of 3
[Eq. (5)].

The Function f1 and the Extra Term E
The function /; reduces the generation term in the co2

equation at low-turbulence Reynolds numbers and_is
therefore likely to promote higher values of /*, and -tw.
This feature is contrary to what may be expected under these
conditions. Finally, the term E, named gradient dissipation,
appears in the oj2 equation. It stems from a comparison with
the e equation (see Ref. 27) and ensures the correct behavior
of the length scale in the outer part of boundary layers.

Conclusions
The foregoing discussion shows that most modifications to

the basic high Reynolds number turbulence models lack a
sound physical basis. The choice of the dissipation variable e
does not seem to be crucial for the success or failure of a
model as long as the wall boundary condition for e is for-
mulated in a consistent way, as is the case for all models. On
the other hand, the choice of the empirical constants in the

Table 7 Near-wall variation of the turbulence quantities
in the model of Wilcox and Rubesin (WR)19

Quantity k/u /u

Exponent n
of$<x/* -2

-———— 10000
— -—— 15000

Fig. 3 Calculated velocity profiles at different Reynolds numbers.
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20

Fig. 4 Measured and calculated turbulent kinetic energy profiles in
the near-wall region.

high Reynolds number parent model has much bearing on
the general applicability of the low Reynolds number ver-
sions. It, has been demonstrated that the constants in the
models of HP, HO, DM, and RE restrict their generality.

It is difficult to provide^a rating of the low Reynolds
number functions purely on the basis of the experimental
evidence. However, the /M function has a predominant in-
fluence on the model performance. The functions in the
models of HP, HO, DM, and CH are unrealistic insofar as a
wall damping influence exists even at very large wall
distances. The differences in the functions/; and/2, and in
the extra terms E, appear to play a secondary role. It should
be remarked that the f2 function in the LB model does not
allow one to simulate the decay of grid turbulence, but it
could easily be modified to do so. Several inconsistencies in
the near-wall behavior of the turbulence quantities have been
pointed out for the WR model. However, as a direct rela-
tionship with the physical quantities is not claimed, the ef-
fects of these inconsistencies should not be exaggerated.

In the absence of reliable pertinent data, support for the
models has been provided largely by comparison of calcula-
tions with the gross parameters of shear layers. However,
only the models of LS (and the closely related model by
Jones and Launder) and WR have been used extensively. The
former has been used over a much wider range of flows, in-
cluding free shear layers, while the latter has been employed
for boundary layers with special emphasis on compressible
flows.

IV. Selection of Test Cases
Before describing the results of the calculations, it is

necessary to discuss two aspects that may influence the con-
clusions. The first concerns the criteria by which success or
failure is to be judged. Among those considered important
are 1) the model should reproduce results of the parent high
Reynolds number model for flows not dominated by low
Reynolds numbers; and 2) the model predictions in the wall
region, and for flows in which low Reynolds number effects

0.008

a)

b) x l m ]

Fig. 5 Comparison of model results with the data of Andersen et
al. 9: a) skin-friction coefficients; b) equilibrium shape parameters.
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2.0 3.0

x [m]
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Fig. 6 Comparison of model results with the data of Simpson and
Wallace30: a) skin-friction coefficients; b) shape factors H.
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Table 8 Skin-friction coefficients for the experiment of Wieghardt and Tillmann28

Quantity Experiment LS HP HO DM CH LB LB1 WR

cf 0.00243 0.00224 0.00299 0.00219 0.00214 0.00246 0.00263 0.00263 0.00245

— -7.8 23.0 -9.9 -11.9 1.2 8.2 8.2 0.8

0.012 0.011 0.015 0.011 0.010 0.012 0.013 0.013 0.012

are present, should show acceptable agreement with the
available experimental evidence. While we shall elaborate
upon these criteria later on, they raise the second question,
namely that of selecting the test cases against which all
calculations are to be compared. In the present study, atten-
tion is focused upon incompressible two-dimensional bound-
ary layers and calculations have been performed for the
following test cases:

1) Flat-plate boundary layer by Wieghardt and
Tillmann.28

2) Equilibrium adverse pressure gradient boundary layer
by Andersen et al.29

3) Strong favorable pressure gradient (relaminarizing)
boundary layers by Simpson and Wallace,30 Patel and
Head,31 and Badri Narayanan and Ramjee.32

4) Sink flow boundary layers by Jones and Launder.33

It should be noted that the data from experiments 1 and
3a were also selected as test cases at the 1980-81 Stanford
Conference34 after careful review for completeness and
reliability. The choice of the first two for the present work is
guided by the first criterion. The relaminarizing and sink
flows have been selected because they are obviously
dominated by wall proximity and low Reynolds number
effects.

V. Calculation Procedure
The turbulence model equations listed earlier were solved

together with the continuity and momentum equations for
two-dimensional boundary layers, namely

dU dV
= 0

8U dU
U-—-+V-

dx dy
dP
dx ~dy

(33)

(34)

The numerical method used in an adapted version of the im-
plicit marching procedure of Spalding.35 One hundred cross-
stream grid nodes were used to obtain grid-independent solu-
tions and, for an accurate representation of the large gra-
dients in the vicinity of the wall, roughly half of these were
located within y + <50. The streamwise step size was taken as
0.259, where 6 is the momentum thickness. In order to
resolve changes in the viscous sublayer, the maximum step
size was additionally restricted to five sublayer thicknesses,
i.e., Ax<25v/uT. Initial profiles of the mean velocity were
obtained by curve fits to the available data. A representative
flat-plate distribution was used for the k profile. The initial
profile of e was generated from a formula given by Hassid
and Poreh.36 Further details of the procedure are given in
Rodi and Scheuerer.37

The calculations were performed on a Burroughs B7700
computer. Computing times were of the order of 0.15 s/step,
with only minor differences between the various models,
because all involve about the same number of arithmetic
operations as can be seen from the equations. This observa-
tion is at variance with the findings of HO and CH, who
reported large differences in computing times between their
models and that of Jones and Launder.

VI. Results and Discussion
Table 8 and Figs. 3 and 4 show the results of the calcula-

tions for the simplest test case, namely the flat-plate bound-
ary layer. The comparisons are limited to the skin-friction
coefficient cf, the velocity profiles in wall coordinates, and
the distribution of the turbulent kinetic energy in the near-
wall region. The skin-friction data in Table 8 were deduced
from the measurements of Wieghardt and Tillmann28 and
comparison is made at * = 4.987 m, which is about 1700 ini-
tial boundary-layer thicknesses downstream of the starting
location, so that the results are not affected by the initial
conditions. In addition, the quantity cfRe]

Q
/6, which should

be approximately constant and equal to 0.012 in a fully tur-
bulent boundary layer, is listed in Table 8. Figure 3 shows
the velocity profiles at three stations ORee = 5000, 10,000,
15,000), while Fig. 4 compares the calculated turbulent
kinetic energy profiles with the data discussed in Sec. II. It is
obvious that there is considerable diversity among the results
of the various models.

Table 8 and Fig. 3 show a strong correlation between the
ability of a model to reproduce the standard law of the wall
and the corresponding prediction of the wall shear stress.
Thus, for example, the overshoot in the law of the wall in
DM and, to a lesser extent in LS, results in an under-
estimation of cf. The models of HP, LB, and LB1 confirm
this correlation with results in the opposite direction. The
HO model gives a very small logarithmic region and rather
peculiar profile shapes in the outer layer, due presumably to
the use of the large diffusion constants (see Table 1). The
best fit to the law of the wall is achieved by CH and WR
whose models also predict cf quite accurately. This con-
sistency is all the more important in establishing the suc-
cessful features of the models in view of the fact that cf has
been calculated for each case from the slope of the velocity
profile at the wall and not by recourse to the logarithmic
region.

Figure 4 shows that the shape of the turbulent kinetic
energy is better predicted by those models that yield good
agreement with respect to the law of the wall and cf9 with the
exceptions of WR and LS. The former is not surprising in
view of the uncertainty concerning the relationship between
k and the "mixing energy" in the WR model. The poorer
performance of the LS model may be explained by the term
E in the model equation, which is likely to increase the
dissipation rate e and therefore reduce k in the vicinity of the
wall. It is also apparent from Fig. 4 that none of the models
fits the data well, but the results with LB, LB1, and CH
show fair agreement with the location and magnitude of the
energy maximum. Finally, the results of LB and LB1, ob-
tained with the different e boundary conditions at the wall
discussed earlier, are almost identical. Since the zero-
gradient condition at the wall (LB1) is easier to apply in
numerical calculations and was found to yield e+ at the wall
in good agreement with the experimental value, this bound-
ary condition has been used in all subsequent calculations
with the LB model.

The foregoing results indicate that not all of the available
low Reynolds number models reproduce the most basic
features of a flat-plate boundary layer. Only the more pro-
mising versions of LS, CH, LB1, and WR will therefore be
discussed in the context of the remaining test cases.
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The results for the equilibrium adverse pressure gradient
boundary layer are shown in Fig. 5. The freestream velocity
in this experiment was varied according to Ue<xx~°-15, so
that only a moderate deceleration occurred. The models by
CH and LB overestimate cy, whereas LS and WR yield
satisfactory results. It should be noted that slight ir-
regularities existed in the freestream in the experiments of
Andersen et al.29 around Jt = 0.4 m. These manifest
themselves most strongly in the calculations with the CH
model, because there the low Reynolds number functions are
linked directly to the mean velocity distribution via the fric-
tion velocity. The other models exhibit a more sluggish
response to these disturbances, in agreement with the ex-
perimental evidence. The equilibrium shape parameter

(35)

where 67 is the displacement thickness, is also shown in Fig.
5. All predictions are lower than the experimental values,
with the WR model showing the best results. It is interesting
to note that all models predict nearly constant values beyond
x = Q.6 m, but a different equilibrium flow is predicted in
each case.

The results of the calculations for the three favorable
pressure gradient boundary layers are shown in Figs. 6-9.
Recall that the low Reynolds number models were con-
structed primarily to describe such flows, since the accelera-
tions lead to a reduction in the Reynolds number, thickening

Fig. 7 Velocity profile at # = 4.604 m for the experiment of Simp-
crtn anrl WallapA •*"son and Wallace.
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Fig. 8 Comparison of model results with the data of Patel and
Head.31

of the sublayer, and eventual relaminarization. Simpson and
Wallace30 investigated a boundary layer in which the ac-
celeration parameter K=(v/U2

e)dUe/dx was nearly constant
and equal to 2 .0xlO~ 6 . This acceleration is not particularly
strong and complete relaminarization does not occur. Figure
6 shows the distribution of the skin-friction coefficient and
the shape factor. The calculated results are somewhat above
the data, the best agreement being achieved by the LS
model. For this case the WR model gives the highest skin-
friction coefficients. The shape factor exhibits an interesting
behavior. The data show an initial decrease as a result of the
acceleration up to x =3 m and then an increase due to
relaminarization. All of the models reproduce this behavior
in reasonable agreement with the data. The calculated veloc-
ity profiles (Fig. 7) show a departure from the usual law of
the wall as indicated by the experiments, but the predicted
thickening of the sublayer is not as rapid as that observed in
the experiments.

In the case of Patel and Head,31 the acceleration is more
severe. Figure 8 shows that the models reproduce the initial
increase in cf and the subsequent decrease, associated with
relaminarization, quite well. Only the model of LS gives
slightly lower skin-friction coefficients. The accompanying
decrease and increase in the shape parameter, not shown
here, is also predicted with satisfactory accuracy.

The reversion to a quasilaminar state has been investigated
in the experiments of Badri Narayanan and Ramjee,32 where
values of the acceleration parameter K of up to 7 x l O ~ 6

were attained. Figure 9 compares the calculated and
measured skin-friction coefficients, which display a drastic
decrease due to the strong acceleration. The LS model
predicts this variation satisfactorily, while the others
reproduce only the qualitative features.

The final comparison was made with the sink flow data of
Jones and Launder,33 which correspond to a constant value
of the acceleration parameter ^=1.5xlO~ 6 . Under these
conditions, the boundary layer shows similarity behavior
with a constant skin-friction coefficient, shape parameter,
and momentum thickness Reynolds number. The measured
values of these quantities are compared with the calculations

0.008
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0.004

0.002

LBi

0.2 0.4 0.6
x [ m ]

0.8

Fig. 9 Comparison of model results with the data of Badri
Narayanan and Ramjee.32

Table 9 Skin-friction coefficients, Reynolds numbers, and
shape factors for the sink flow experiments of Jones and Launder33

Quantity Experiment LS CH LBI WR

cf 0.0046-0.0056 0.00424 0.00478 0.0050 0.00525

Ree 640 578 656 699 731

H 1.470 1.482 1.440 1.380 1.389
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in Table 9. The models of LB and WR give fairly high cf
values and accordingly low shape factors. The opposite is
true for the LS model. The best representation of the data is
achieved by the CH model for this case.

VII. Conclusions
The results presented here are somewhat limited with

respect to details such as velocity profile shapes and tur-
bulence parameters. Nevertheless, they are sufficient to in-
dicate clearly the relative performance of the various models
proposed to describe near-wall flows. It is apparent that not
all of the models considered here yield satisfactory results.
The proposals of HP, HO, DM (and RE) fail to reproduce
even the simplest test case, namely the flat-plate boundary
layer. It is interesting to note that already in Sec. Ill these
models were considered unsatisfactory on physical grounds.
From an overall examination of the results for all the test
cases, it appears that the models of Launder and Sharma17

and, to some extent, Chien12 and Lam and Bremhorst,16

which are based on the k-e model, and that of Wilcox and
Rubesin19 yield comparable results and perform considerably
better thail the others. However, ^even these need further
refinement if they are to be used with co'hfidence to calculate
near-wall and low Reynolds number flows. The calculations
and the theoretical considerations in Sec. Ill suggest that the
performance of these models can be improved by 1) select-
ing a damping function /M for the shear stress that is in
agreement with experimental evidence and whose influence is
restricted to the sublayer and buffer zone; 2) choosing the
low Reynolds number functions // and f2 in the dissipation
rate equation with a mathematically consistent near-wall
behavior and, if possible, in accordance with empirical infor-
mation; and 3) fine tuning the functions to ensure the
reproduction of the well-known basic features of wall-
bounded shear flows over a range of pressure gradients. A
distinct improvement of the predictions for adverse pressure
gradient flows will require additional modifications of the
high Reynolds number models.
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